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[ ' l ip [~ll"~vlllltltlltl ~f illll~lrlllJtll~ I~qtrlllh~ljld~t vii' Jld)Hh'd ~lillll!~ IHm,, I'~ H', ( ,t ~,,llm" 
I~I~IVl I~I I I I I I I I ' ,  ] l  rll d( ~ l~*~ ~qllltllt'rlltJlll/ ll(liylulll!dlll~, rid IIll, h~qlIhl ~l f,~'~lth Ill lillY'rill [itl~ 
l*erl~]tlhllJl~ll,~ id h, l l~ih ~ll J A ,Id%I,!IHIIlv pHpj~t~l!', i l l  lilt, ~*l,,Irl~J*,rll, ff llly'tl ~ [HIIV~tItI~IIJ r L ,h 
proved, ',~llll ' lePlrlllll/;~'~ ~u~d *'~phdn~, r l~mhhml(uhdl; ,  ~ ~,Ht l~lmt l l  I+r~ l~edV ~d lira tim !phi 
IllllllJl~'t~ I/llfll l l~rl~,lltl ,, Ii vt,[*,lllll i i i  till" e~p(Hl,-IllJlt: ~lqk, tqlJll~' [ l l l l l l t l , l )  l:d IIH" I I : ,  i I t l  i'~ 
)(b'~'H, leffdh~2 Ir~ ~1 IIt'W ,'l lpllhlll~lll l l]l l[ ~ll l(*l l~ft ' l l (t i l l l l  i l l  r)lltUf~ld',i qlr~liIt'-rl litHllll~] 
I~/llylll HIIIIII~ 
| ,  Illlrodt|c|J~)l| ~1I|1| ~|~lfelllellt fl| f~lelt~ 
, \  pe / iml |~ l i lu ,~ f l  e~f i l l  I: { l ,  2 . . . .  i l} I,; c~t lbql  dJlel,h!iJlff.~ I: 
~ l~ l I I t t l l  ~ I [  f l J l j ;  ( [ I  I l l~ - I  ~ ill; 
t~;ittt !l)~ l~it~t~t l#t~l~,~i'~lll,~ I~1~11~t I~t tlt~ttl l i f t  ~IIH/ Illltlrgltt ! t11~t  l' ~)t~ 
.live, I I.~: _~, t .  t t'l~ 
91~lj~]! l l l~ly I~  pHvod ~l l l~J~' l i¢ l l l ly  ~/ia f I l l ' l ] I t l J  I]I)W~:I" ~c|'jc~ mal! ip l I l~d~'  ,s th t .hLn  
m) l l l J l i l l l l l ( l l  il~ pm~f f  h l  [ l l l l~r  i~i t i l i l l o  lhi l~ lh ( l l l lCp l  W~ I a~:lllJ lhc! l l l~I~ ~, l l l l l J J l ) l i  i i [  
qII V Y~trehl 
i l l ie l i la lhl~ l~crmulillJ(m~ ri l l  labelled bh]Ilry t r~ (C(~IIOZI'Illil R |~CCf:, the Ier- 
mh~oIRy ~ff KHolh j13] wlll he u~ed hcrc), WI lh cvcry ullerli Iiin~ pcrmul~nli ~il 
rr C A~,. tltII' II~+qtleiille!+ ~111 (,::lt'tIih'tl hh!arV tree t. wJlh Pi c.~l.et'tlid IIllt! h I 
Y 
Jh ,I IIFC!WIIIIIIJ()II {I~ I,IC lIII~iIlIllJIl~ Ji'!flllIAJlilJiIll ~T :~Ir ) .~i~H,  ~vh~f~ Ihv 
d!tI~llllll Iillt,~llllll r~NI3,} lliid~i 41f l~ IIF,~ ~iqlllil~d IcllcI~d r~lip,), |'hi~ kJlltl Iij 
IIIIJqIIC llII|h iFIIil! lhHl Mod~ |I) [h~ IOIH i , the Ir88~ hlt evsry  B ~IIzIltJcd HIIIII V I I~ 
I we  I~l h, Ix' dOl ; t l le  Ihe. t, t lm lw i 'a tm Ilt~lylu~lllhd Igor Ihe IIMRht i.f tilt, etlermd mille~ 
I}f t, r['lH? llllIIlhel" l l , ( I} in Ihufl Ilia, e~.!l*rllal i~lllh lellRth IIf I tn Ihe Itslltl] ~ellSe, 
I, ~t !H~L[ (~l ~Hed IWo e~ilorllll[ Ilt~tte~ ~f lleJ~tl| 3 (l I Ibelled 4 l!ld h~ IIcllc~ 
t1,,, ~txl: ~ l ' , (h /~h#,~ A~,, ,h 
whid l  ulHy he viewed I~ li~c ~;mlIterufm l~t~lwlmnitIl~ h~ ~ the, hei~ hl , I  l~',lhq ill 
IIIIt~i:IIIIHIHL II~Plllllltlllllll~ Itf  j~ l l  I j ( ) I l l  JJr~I I~l~llli ~t t | [~ 141I ,ilJlhlii~lJmlI I~rlll~vII ~ 
-~.. p 
I1~,, , I f )  lwi~,, ,, 
A Ifl'r~lflthlg Iserl l,i, hl+4 +Jl 
thtl!+ lhe  t | lCt l le i l l  ill Ii l+ti!yi l i l l l i l i i l  J~eilL+riHIT+ , ~ <If Ihi l l  Cl+l++++l+TIl] ie+uJt+ MoJ-e~;vt'r,  
lhe  lli-cJllf 7JVCll I~'i(IW Cliittl l i l lr i  iI t ' t i l i iht l l l lh  l llt ~+~l+hlllilllllfl f l i i  + the tlI+IIPilI ltl IC+ tpJ 
lhe  h le l i l l  7 +" ? 
()++I IiI 'CIIlIti tCfllJll IP+ C' I f l lCI  IICtl W+ili I~IP L'74 ill+'tl[]ill p+;lll+rltfli l7 ft l t l t ' t i l i t l  h l l  f!lC 
I+lllVi~ilti+llilm #l!,,  ~fJ): 
'l+l!tmPeili l ,  
~l  i "  f !  <it+, (7 /  
It'Jll+t'+ ' l ''~ ¢/<'tt+#l++¢ fil l '  IflPlil'f #¢lf'flJl'Jll] lialYlltlllJJ+U ~(~ ~! . . . .  f ,  i l l  I ;  ¢1#1:! 
121i )if fl+l'tffffl++l f/if + (lI#f+JlJ+' #71l'lfil'Jfli IIIIIII#+PI ' ' + + +~ . . . . .  l+!tt !J 
'l'lii~ 't+++lllt lii f i l l! l lhJ¢ f i l l  tli++ filiSl Ih i l l  li I++iiil!l I l l  II #lttw l :<l l i ihi i l i tt i t l i t  J i l l l t+l l i f i ! l t l  
I l l l l l  +if Ih+ ,++i ,:+llf~ll Ilr++dl~ll+d ( Jh; l / l f l /  IlllJyilfllllJa#++ whlvh  w<~l+ , h t i l l i l h i¢ id  J)7 
[hlt l+t l l l t  17, l+, I l l ,  iII hi'+ illVl+f+lJl~llillli+i l l l l  Cl i l l ihJntthll- j i i l  Illl+lll:lli~'~+ + I!lf! 
f i l i i l l l lZ ' / l l  i l l / l l l l J l+l+ 'l'JlJh tl~illnt'l wil l  hf" tJJfleili+l+#ll hi  lh+ fltll l iv+'lll~ lip 7Hill,, 
P++ l lemi l r | i+i  l l l i  i he  li+~Itll i letl (+hi lnd i -~ol+l loml i l l t+ 
]il+Jl+t+il~ +2) ~if th~ tllfl~+:pli-+iulllhtii++ l+,+r I ~+v+t+ +++,e Ill lh i  4 tJiPNiliqIH1 
( l , , , r  2 ~ +"It/+,,+ i ( l l~- ' IP ;  
lilC~P i l t l l l l l i t+l l  IlI'P i i th l  lillU~oi+n, kl ;>,+l l  t1~+ lhc  +tt, l l f i i+hl  Itl//illJ['r+7 (+ilI+IIIIC I l l l ,  
~et I 12 J i l l  Th+l l  ++ll+ulieiill+il ~e!t?! i+Jll~ f l i l i t ' lh l l l  ll+ 
z ' "  
+tiill thl~+? I+t~ + t+l i l le l l  I l l  Ill+ t +++i+tl/+~l/il; Itl+lltlJt+r'~ l+i+,+ hv 
ft~,~ 7f_+-. '+' l i l t , ,  f /+~l l :  
LP+¢I f th i i l i d i  1131 I:itilJ+istiil:t~d li req+r+++t+iltitiiliil l t i  ilia+ (l++iil++:t+hi+!iUiilh+f++, ~,'li!~'li 
,il l iV I+# I i i l r l l4+d l+~ l++lllllt,+4h: 
I)++fhi+ , li ~;P+illltSiitt+ +li + tililVlilililitil+~ 4,+1 ~<) ll~+ 
] l , , l l ) - t<+vt , ,  + l l t l J  f+ l)++,l,, i l l )  f f l~ i t+ 
+ll+~ll t~+ir h ++ I Jl il~tl+ll+ lht l l  
( t+ ,+-A , ,  i / l ) ,  
Ih l  ~, c'itil i l~l:tllr+ Wtl~ pr ! lwd  hid+l++l+il+i i l ly hy  ( ' i l l - I l l7 I ]!  +..I hy Iti+.~l.+ m.I 
Slt=iii 1171 ttil+ietl ++li Ihl++ vsill'k t )U l l l l i i l l  17, H, lJ I t+~lit, e thr+> /lr++l c l l r t lh l l i lh i r i t l l  
tj~ V ~lreh~ 
il~lOrl.lr~|fllJonfi Iff tim (}elletcd'lll-.lllll~l|~rB, whir0 Ile exhibited Y li'loU~ Cl~l~fie~ of 
r~lll['|lOll~, pertnll|~llo~I~, tfflh'fi (If il0rlllUlll|lOllfl O|C, eIIUIHI~rH|I d 11 , II1cIII, I)ll!~lOHI 
IHlldv I1!~ iI1' ~lll' pl~lylmlnlal:~ 
u!tlhfvllI~ II'~c r~L'tif~hfll 
l ' d~) -  I, (~) 
M:t f!'lfll~ll tit th~ (J~,~¢ CPiii:lll]lllh~h! h~ 
t)NIIl!llll It!liJ Iq)lltfl j 101 ~l(lIIl~(l ~yllllll~ll V l~llil)~[IJ~ fl~ t11 -~ ,hi ~'~t~ ~11!iii1~11~!~¢1 
hV III~ ~Oi t!k']~qlt~ 11[ Ih~ polyIIllltllttl,i ~'n(~ )~ they }nll~ll(lb~lJ pill] rlltfTll!llt~ III Ihr.~ 
1' g~' V' z)= I' 141 
ltpd k~P-V~ 1] plllOl~ COlllhhlffll)lJill llr, mf ~ff lh~ r~llltllktL}l~ [~l{~I Ihtfl ho prllylllllnlfll~ 
l'~,(J[~ ~, z[ tll~ fiViil111~lllC wJlh rm~p¢~cl I{1 llll lh~ lhre-e ,,~.Ia f l~  x, y, z. H~-Ili:~ It 
]loJd~ lh~fl 
If, ix) l ' i , ( l . l . x )  h~,ix, l, lL 
wl.~ :~ flw lir~l eqtmllly hflh)w~ from Ilm facI lime (4) r,!tlu, e-~ to (3) wlle~ll 
V h iuld wJleie lhe ,~eculld equllJlly I,~ Ii COllie{ill.Ill:e- i [  |he- rlVilllligll'y 
ptl~pl!l D/, 
AI~ lll1[ll/|Ic 111ltllf it[ l|II~, P~llllli|dIl'~ pl'np~l'ly Wll~ hilI~l l~JU~li h I Unl-lil~ [41 who 
:~Imliml ~110tll|Jll~ hltik'lhllln ~iII- llld- J'~(~, y, ~?, 
~llf  {(  II :llti IIII . 
lhtflil~ihl I121 ,in p, N nf hN IIIII~L 
iIllll TIwI)I~III ~ I~II~I~ 111 Ill~ glil1(!lU~Jlllll 
I I~ , , ,d~I - / "~ l ' i , (~)  f l l~  Ih (6} 
polyll(llllJl~hl III~ Itr~'-llp I0 [1 ~IW|II[ O~ lhl~ i ODll ~ m~ . IIl~ ~lll Ill(~Tfllor polYIIO~ 
llljlll*i [II[ [l~l~fi ill .ff~rn~Itlilg p~ll!l~llll|10111i ~l~gordJllg Io III~ Jr ll~Jglm 
'Mler:~' iei m~ *~bvk,u. cl)llll¢lClJOll b~lw~l l  Dqll lnrtt 's  iillerp~ffllJon~ nf |~'.-' F.(~) 
and the tree given here, It i~ urlpl~astlh/ that flklT jnmrpr~lrl~l!on /Iscs Carlilz' 
Jd(.rllJl~/(~1 lll l l! T l le l l l e l : l  .!, {~{llh ll/:illJl~ -el}.l~, l~li Jt l l l l l l i  l l I lv/er 'i(!lll!!i Irttl!lJJ~llJll 
1)111111. A |Ii~'III[ I l l  I I l l l l lh l l l l l l l lh l J  11111 "C, e~tl i ,1111~ ltll e~.lflh:ll {'ll l lt!I~[lll l l(l[' l l l j l~ I11 
J}lll11(llll~'!l J l l lell}l~?hllJ l l l!% w{~ltl(I h~ (If II~t{1~ 1. 1~1 1~I~ I~r;l,eL't II ! ihll[ l l l f  It[: Irl l l~([ 
II1.1 
wh ich  I'lfllI*w~ dl l t~: l l~ ft l t l l t  ( ~l ~I !tJ /rl). A d t te t l  pll*!~f (ll It~Jr~ let III iI ltl, IPdll,~ Iit,j~/ 
Ih~ ~ i~dtlltl l l l  
I .  ~ ~1';,, i mid /~ i .  ~J311 I I ttll (ll"lJe-l'llllJl~k't'~Jfl~ JllJl~JJJll,t~. 
l i fe j~ l l l l l l i f l l h j l  jl] Ih~; ti~llfil! tht l l  llil{~ l:llll I18 I l l l l l f l J l l f l l l [ I ]  ii h; th~ I i lh~r  I],~ i! 
~(Jllt~llCt' I l l  ( i[ ler~llj l l l l~ , ~tll 'h i l l  VCJliilJ)l ~Uhf l l l l{e~ t11i' twl l  iill~lll!!t rl I,,!ll[~lJ tll fill 
) l l l~[l l l l l  I](/LII~ ( I .~  't( l lh ~le-ll~je-~l tlill~ I ~" I r~t t  tlr~ J~tdilll~tll wJlef] vJ~ !v[,ll iit; I l t t l t~ 
)IIVIti'I!IlII~ | l l l ( l~l J~lllll l l lJThi~lll, [i[II1.'1 11~11 I l l l ( l~r ~-(lttlvtll~llt'12, le l  I1~ t'llll~Jllel lhe 
[i~ll l l l l~ll| J( l l l  I l l  H~.  ;( I ) ('(llllJll~ ft'(llll fill fll'J~Jll'ltl', ~ I~IIllIV!II~ilL'~ ~Jtl~!l Itf A ,, ~: W(7 
hll?~ I l l  I~Y.IIII~!II~ Ihl~ ~]-vlthl~ ll|' Iht~ ~:l!ltlll l~lllly i f l  ~Jl~lt ~'l~l~,~. ' jhd l~ life ,wl l  
il!d~l-i~tllJ~.lfl i : , . l t t lh l ! l iOl!~:  i/lie. [111111 lh~ i~l~llur-l"ihl~lll ~1' II1~ Illill~?;J~!ll~ t le~lh mil l  
~l)~il iv~ lm~l~,  ~ 1~ I~! ~r l~l  ~l~lll)t~ lh~ I l l l l l lP{q ~ ~t' I}ltII/~l:*~ ~:~ttir ie- I I l~ ~;, , tw h i~- :  
i,~lllr| l~l, I~ I  ' l,l~er~ f~l l l ' l l l J~l /  hillflf~,' ~l"t' l ~: '1 h, I 
J~llllTltl J.~ qhVJPl~J~ lf!,-!'~ fP I  1t = l: w i lh  ~qll i l l J l~ h~il~lilll~, ~jqo~ fl}i- I i~: ~Jll~l.' 
ttl l l l  l"Z~ 'F,~ I i j~ll ~til~l!~l:~ h, I will l l :~ -k ,  I<  ~1 ~nd k I I -n  Ii.~. I' wld I' llle ih:' 
'14 v .  Srr. I  i 
t~.,.~ suhlrces a~.tnched to the font of t). ,'wo possP~ilities ha',e to be considered, 
~lccl)rtfing to whetfier t' [Hid t I¢ tn'e isomorphic or no~: 
('(:~x' I. I f  I' and t" arc ison lorphic ,  tf ien ~l is eve l  ~uld k : I -~pl; fil tfi is ¢ti~,e 
wc hay? 
Hnd 
|lqillR IltlW lhe hll;u..ltOll hvp{fllle~i'~ tor I ~ we gel: 
( 'a~e 2, It = I' t im] r '  l~l*e li l l l  JqltiiltlJ:phJL, wu ~l'!! Itlti[ 
ti i ld 
~¢' IIItil,' tihhHlllU Ihlt{ /$, ~-W¢ !1tire ~l < [:I(I I, tilld Ioi~e!lll-'l w i th  thg jlldtlglJOII 
hypo!Jl~:~jh for  t" jl fol  ow~ thtit 
r~, ~,~{l I1 14,r~(rq I) I~(I)=lrll) I. (81 
tl,mce by the induct;on hypot[lesi~ for f l - -we fill~dl!/ f.el 
>¢TIk II~¢r(I)>¢r(k+l I I -~r (n -  t;, 
[llld (lie [enlloa i% pro,,ed. 
[e l  us look back to tile e×ample given in the firs'._ part: *here we have n =S,  
~r14} I, (~, 2, fl, - 0. l ' lequali ly (7) is best possible in the sanse that for every n 
Ihure exists at least one I¢ Te,, , such that equnlity holds; see the following 
h2nl111[i lor mole  details. 
(ii/ II is well knowm see e.g. Knuth [13, (Vol. I l l . C'h. 5.1 4., exercise 20)], that 
Ihe l lumber y~ of order preserving labellings of all extendel, binary tree t~ T2, , 
equal,; (2n - I)! divided by the product of the cardinaliti, s of all its (extended 
hinar~. ) subtrees. The importtint information is that in our c ~se the denominator  is 
an odd number since till extended bimuy trees h~ve an ~,dd number of nodes. 
Thus lhe highest power of 2 dividing y, eqtmls tl~.e highe: t power of 2 dividing 
12n - 1)!: this latter quantity is well-known from clementa y number lhenry: 
f i~2n-  I ) ! ) -  2n I -o- (2n 1). 
Ahernal ,e l  mutatim ~ 05 
Remark'; fi) and iii) together Ic~d to . e!ilimate 
m*~, ,  ~O(%)~' , r (n  - l l~ B(12n : !1 
-~r ,2n- -7 t  2n 1 ¢H2,f l )~2n 2. 
TMs shews that the elmlribu!i(nl to H2, dx) which come,~ from an arb i l rny 
eqflivalellce class of alternating permut, ihms of A ; .  I i~. a plllynolnial, all 
coelllclent~ of whic}l are divlsilde by 2 ~'' ~; lhu~ the firsl as~erHiin iff ~Yhcnrem I 
follows. 
Th~ prlllff ol lhe fact thai the ,,'oetIk:teal of ~:J m H,,, fl,,) i~ divi'dbh' by ml 
hl~her power ~ff 2 latin 2 ~:' ' i~ ~ lilflc tnorc Jtttliealc if 511!eHlq cllpvelth, fll I!l 
Jllll'{lduee t114 fltlht~in~ Ia}l~ltJl~lv 
k hll|tlfV tl;eC ¢': T~. I will he ,called mmlm,, l  tl 
lind I will t~e ¢~flfed cwi!titlltm~l !1 
m-trO i l  1, 
tt f(lJJ¢~Wh [[()Jtl [~) lln:, irOtt [ jl~ htlgt'd a ]l~we! b~lllfld f:tlf tv~ ,I' ¢ I'llflgLzh tlVI?I 
Ts. I: Hfld lhill every 1~ [nJniflIilI h-¢e Is a llllnJn~I:i Ires. ('tile ct)11~,el,l~ Jh ii{}I {file', 
lh¢ hlllalleal egltl~lple ill it alJilJll1,!l tree wblch i~ ii.ii ,¢ nlhlJi? :I n~'cilfh blr ;i - -I l 
The pmni' nf  Ihe llr~uerfinn cllll¢{:;nillg the c~elficienl ,]i ~ ' in I /2 ,  I I ~1 ih haBed 
lot th~ f{1[i()WJl~,1 three 'ilnlph~ ribs !fva[Jl)ll8: 
liii} Arl cqtlJvalellCl- ~ ehlss iif alt,!fntllhlg pernillltttfim~', ill Ae,, ~ related to (the 
isomorphism cla!,s oi', a binary lree I - ( t ' . t ' l~Ta , ,  ~ will c(nltrihale tit the 
coefficient of g I ill H!,, lix) if alld ollly if one i,f ti~e sul}trees I' ill" t" Of t reduces 
to the single element of T,, 
(iv} In the situation descrmed in I!ii), the comribution Io the coefficient of x ~ in 
H~,, ~(x) is divisible (precisely) by 2"r , . .~ , .  ~, hence is divisible prece~ely by 2 ~'' e 
if and only if t is minimal (see the proof of the previous lemmaL 
(v) If t -  {l', t"} and if t' (say) reduces to the Iri vial !ree ~ T~, then t is minimal Jf 
and only if t" is co-minimal. (This again is implicit in the proof of the previous 
lemma, Case 2). 
It follows from these three observations, ttml the asse:tion in question is 
equivalent to the following statet~ent: 
(vi) The number ,%, ~ of disti"ct isomorplfism c~asses of ~-miaimal  binar. 
t reeseT>,  ~ is odd. This will be an immediate consequence of the f,,ilowing 
lernma, where a precise evaluation of the numbers ~,, is given. 
Lemma. I f  n is a power tg 2. i.e. crl n ) = 1, then to,. - l" i f  n is not a pot .t .,f 2. i.e. 
~.(n)> 1, then y.,, = (2o'(n)-3)M. 
PcooL Again w,: will rq,resent any binary tree t~ 7"~,, ~ as a t~at (t', t") of 
('m,~' I I f  I' m~d I" ~tre : :~(mmrphic,  lhc  I,' - + ' ~l,ld 
~V I 2(p, ~++l+r(k) I )  2(+r( l l !  I k  
IIUNC¢ I ]~ <X+lllJlli111II1 If I+ll(l itlJ~, Jr +r(tl) I [ll)(I ~i (}. "[his lllC[int+ lhilt it i~ it 
p<+wcr M 2, . ~' say ,  ~tl+++-I httt t i,,+ thL, "l+tdl ' '  bhmry  +re+' <ff he ight  r (I.+:+ ii+¢ 
tlfI i(I l le I re 'u+ +Fp. , witJP +llI i ~, 2'  +:xle:I'tl;ll vct l lcem <fl' hciI,' +t +}, 
~4i+++(J ~, +II I i it]l(I I" II+Jl2 rlnt i.+i)ll1+HphJ+.', then  
+++ ,,+vii+++ I-++P(k)I+HP) l :+ f r (+ i )  I, 
Illld It tlllIll'~ ()tJl lhlIt I iP+ <+ -lliitl+IIlII] if tilld nlllV Jr' bulb I' iliiil t" til'C ++-lllillhllltl iIlld 
+Hkl l~r ( I )  +t'( , I .  ('l'h~" Itl~+t cond i ! ion  ~+11y ~, th l l l  I< ml,.I I ~lt'e "diP, ic f int"  witi~ 
le'+p+,'Ct It) lilt, Jr l+;i~c..2+rcprtY~¢lll l l l it)i i ,  i+~, lh t  ~t+,l tlt l+owci++ tit' 2 Itl'~llL+tlrJl1~ ill thLP 
I';II++C+2rl'e111+emk'llIIlliOll ()r k i+3 dimiohlt  l 'RII l l  It+v. + k'llli'~+lltliIiIilli1+ ~+~I fo r  l, l l l ld lil~,, 
t l i l i tm Ifl' ht+;h ~'t~ is III*: n~+'t (1[ pl+WeI"+ If f  2 tll'~petll{111~ i!1 lh~ bllSl~=2-1'++'l+ICSelltillitltl 
~II' U. l i l  l+tll'Iict~h~r, It cIt l l l lOt he, tl lI(lwL, r o, +' 2, i/.!, it+e l l l tHl  h lw0 <t~ll) ~+ I) ,  
t,i<~lll ('+igt: I xve l~el ~. 
lh, I i f  +r ( ,+-  ! :  
+,,I +I4+111 ('t~Se ~; 
~t + . ~ l t+. t++,  I ~ i ( ,  I+ml~ I I n , , r (k )  I +rI /} - , r (~ l )}  
i[ rr( , I I  " t+ ( l 'hu  futt<+r 2 im (h le  It+ lhe  fi let th+tl et |c l t  Imonl¢>rl~hl~m clm+~ <3[ 
,+ - l i l i l ih l t l t l  If'Ices (If 7 '+,  I t i++ l t+t l l l led twice  kltll.~ Io th l  I +~l~1111etl']C l'(ilI. + lip I( tlll¢J I hl 
tilt: +'illlllllttlltllll Tiff:+ mIII~Wm h!' llldtlctlllll- lhtll ,u • +I~ e~ [tlllt+'II(+ll tlf fl, +.iepetldR 
t lr ltv lilt IIIU ~,'tllti+ ill" I r l l l l .  If ~1_' WHIe 
IL,,r,,,: - tJ,i IPI 2 I+, 
ihc+~ wt' ~t~l: 
+~/(  ~ " ~ l  . . . .  II t ~11+, - ~.~ | , t ,  / , tP~, I~l (  . . . . .  hi 11. 
l hh  i~,:tlfmltIll I I I i i9 ~++i~+ll~, I+I+ ~ l:#u++Iv~d tl~++ll~ ~Ii I l l t l f lHl  ~+11+..I~31i11~ i lll|CliilI+ l++:I+Iti+ 
tltP'~,+ ~,I++~ lhl+l~ lh i t l  fllt+ +q+lui~++llIitl ~t~li+HIli!+~ ItI I I~H+III i't+l ~ I I~" llilI+ll1+_+l:~+ ~F+ l++ ~t 
~Ill i l l i l l+l ld  
~I~I + ~l f? t~ +)~ -ll~ 
tUld !his I,,nds lit lhe deslrcd re~4tlll 
,0.. (2 .  3}!! f l .  ~: TM h 
Thl,t pl~,vca ll~e lemrmi, 
The  p!roof of the ne¢l~l~d iis.q01'lJOll ()~ WiliZOl'~2h~l I is ll(IW ¢(!rllplete; Ihe hiFI l)~ll'l 
~ff Theor~ I1 I ci111 be Iln)~/ed by slrl~II~l" argLmlentr~. 
I lemnl'~. The  prool  of Thc(~rem 2 doc'~ not depend ~i~ '!'hel~rem I, In ,'~wl, (~!3e 
could give a pro~ff of 'rh~'(~rem I utler havhl~ identif ied the piil~/nonli~fl~ 11.,., iIxl 
with the. nlotl i l |cd GhiillCJ-polyllOllli i l ls (up 1+1 i~ ftlcll)i' 2?"+ ). iil!(I then u'Jrlg I<:'~llll++ 
Of DIIlllOlII ill 171, tlllI il ' ieemed more :tl'ipl'l)ltl'illltr Ii) ,'l(li l l i lt' It tlJl~':l Clllll- 
hJl'itltorJlll pl'Oiff i~[ Ti1..';)rt'rn I whie]l exphlJn,i where tilt, filclIlls 2;" CIllllt' ItIIlil. 
iIIll] which d(l~'s llol th~pelld ell lhe i~ro(if tff 'I'lll'.i)i~qll ~ hv I':iii1111I illt!lhnd!~ el. 
i}lt! relllI!rk~ If! ~Ilt~ E'II(I lit' the prevJ(nv~ scc l Jon 
4. ]*r(mf o~ 'l'~lL!¢welll 
|",very ~l!l~.'lntilhLt~ l)~l'llllll~lli(t,1 "?r ~ A ; , ,  I ',v~tll /~(21c ; " I I I l i ly hI, Il l l i(ll lt![. ]
I't.'l)tenc,ited W~ ;i t l iple (~:¢fi, rr,}, where ,'; {~t'{l) . . . . .  :r(2k I)} is lilt' net of 
I~II~e]s f l lt l lehe ! [0 [ l ie I~!l'l slll'llf¢.c (~l' [,, IHlli whl.qe qr t I A !l, I tlll,j "/~',I A ?,, ?~ ~ I
ill't.' "l lt)I ' l l l l l l;7 )d"  r~:l'lre~2ntlHjvC¢i (ff II'a: tlll t.'l'lllltjlll~ ';C{llll211l.'¢~; 'R ' ( I ) ' ' "  7/'(21( l l 
l l l ld 7r(2k # I ) * , '  ~/211 f D, Now,  when wr i f inY  h,,(.~) instetld of  / I IL,(X) * W(: IHtt(.' 
t irol this OeeonM(~i t ion  (If fl, Ic ,d~ tt) 
I I t I (X  ) - I~(hrr~(k') ~ h . ,{x! ) ,  
'~l~ lhnt H? . ,  dx j  lm~y he wr i t ten  ;'s 
where  the lllller SilFllIlliltioll rU!!s IIVel" nil q]'lplt!r (.~, rr~. n,  wit l l  
S~(23 . . . . .  2n ~ I}, e~ltt I ,S  ~ 2k  ~ I, 
r r l~A,~ i. -Ir, E:A?,, ~t, i ,  
tlel~cu 
I .G , , ,d~) -  i ) . ,~, t :d~. , (xhrr ,~A.~,  ~,~,~A, , ,  , . .d : l<k --, 
: ~ ~1~ " ~'  ~: 
f( ) t 
Irhus '~.c have 
t' Sin>hi 
.2.  I z2,, i 
If we set 
K(x,z) : : : !~IH ..... ' - : "  ~l}  (2n)['  n 
frlr the series in questiq:m, then a fcv. elementary opeal ions  on the last identity 
lead to 
sir: (z) ces (z) O:Kfx, z, = K(x, ::)+ 2x sin" (z il K(x, z )+ 1), 
where il~ indicates (fc~rmal} p~rtial deriwltiort witl. respect to z. If we replace 
I - cos  (2z) by w and define /~'[x, w) : -K (x ,  z), then lhis is equivalent o 
(w2- 2wIiGR(x, w)= l((x, w)-~ xw((((x, w)~ I). 
Setting /~(x, w)-~k, ,w" ;  n ~>')}. where the k. are l'olynomials in x, then this 
identity means 
/:. = O. k~ =x, 
2 . - .  (n - l J k .  t=k .+k,  ~x (n>~2), 
and a simpte induction shows that 
x(x+l ) . . . (x+n 1) x"" 
k,, (n~ 3. 
1 '3  . . . . .  (2n -  ')  (2n -  I)!! 
Substituting 1 cos(2z) back for w gives 
f E K(x, 2) 
and the proof is complete. 
5. Table ,~[ eoeflicienis 
We set 
22. : ,c" "1 1-I2~ , (x)= L,/1.,~x ;k~O} 
AIt*mmlt~g , ,~¢mml~ 
alld collcltt(l~ II~ lislillg tilt' coel|icie./its ti,, ~ ,r l ~ tt ~ 7 (see Tab le  11, 
['d)le I r lhe clmf[icieals h,, 
4 3 g 6 
5 17 54 (!l 24 
6 155 55f~ 762 4811 12() 
7 21~73 8146 [2H41l I~24S -1211(I 7~!{l 
Note that h,, ~ ~ = ~,,_ ,h ~' t :>( )}= G:,,, the n th  Genccch i -number ,  ~or n~ I. 
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